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A study is made of surfaces, describing the propagation of perturbations in a plastic
medium, described by equations proposed in [1]. A review of work in which these processes
are investigated on the basis of other models can be found in [2], A partial case of the
equations discussed here was proposed in [3]. The surfaces of the propagation of the waves
are described using an acoustical matrix, which determines three waves: quasilongitudinal
and two quasitransverse. The acoustical matrix is symmetrical and positively defined; these
properties are determined by the required correctness (hyperbolicity) of the system of dif-
ferential equations under consideration. The communication [4] is devoted to a descriptiom
of a class of hyperbolic systems similar to that considered here, It is found that the
acoustical matrix corresponding to the system of differential equations under consideration
here, for an elasticoplastic medium, can degenerate at several surfaces, This kind of de-
generation corresponds to the reversion to zero of the velocity of one of the quasitrans-
verse waves. In the plane case of a system of equations linearized in some manner, these
degenerate surfaces coincide with the slip surfaces of the classical theoxy of plasticity,

The dynamic equations of an isotropic elasticoplastic medium, in the rectangular Car-
tesian system of coordinates xj proposed in [1], have the form

. pdu;/dt — aoi,-/éxj = 0, dhij/dt —_ UfaqaﬁUjﬂ =0, (1)
pE dS/dt — Lo, ;0u;/dz; + (1,0,)0up/dzg = 0,
where d/dt = 3/5t + uaa/axa; uy is thevector of the velocity; 0ijj is the tensor of the stres-
ses; hij is the tensor of the effective elastic Hencky deformations; S is the entropy; p is

the density. The tensor Ui' forms an orthogonal matrix U, relating ¢,, and h,, to the prin-
cipal axes: J +J =

fo; 00 h 00
lol=U[ 00,0 |U*, |h;]=0U| 0 hy 0 |U*, UU*=L
0 0o, 0 0 k4

The stresses 955 are connected with the effective elastic deformations hij by the formulas
015 = POE/Gh;j, p = o eXP (—h11—ha—has),
or, at the principal axes )
0; = p0E/0h;, p = py exp (—hy—hy—hy),

E = E(h;, ha, hs, 8) is the density of the internal energy (the equation of state)., The temp-
erature is calculated using the formula T = E;. The values of q_., are calculated using the
formulas +J

g = (1 — L)os + li(@u‘f‘ @oaT @g3)s

h;—bh; —oh; —2hs L.

4= — —oh; .J_zhj (e 1(0i5 +e ]wii)’, i~ Jx
e —e

du

where ;= UaiﬁUﬁj.
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The parameter of the plasticity L in the plastic region can depend on all the invariants
of the stresses and on the temperature, The elastic region is separated out in the following
manner: L = 0, if

h = = [(hy — ho)? + (hy — hg)? + (It — Ry)3]¥2 < hy, = conmst,

L

V2

ox
dh dh, dh

(LO’1 - laca) -d_tl' + (LO’Z - laoa) _&?2. + (LGs - laca)ﬁ <o.

The values of Zi are expressed in terms of L and the equation of state, For an equation of
state of the form

3 kR, k. +h
E (hy, by by, 8) = E°(p, S) + B (p) (hs—-————-—‘+ 3’+ 3)2

i=1

_L 3 (To Bp)( °1+“2+°s)l
’i—g'[i—’z'ﬁ(?f'f Gi———3 )

The propagation of the waves of small perturbations is described using characteristic
surfaces, The equation of the normal to the characteristics in a system of equations con-
nected with the principal axes of the stresses for the system (1) is written in [1]. If we
designate by (1, £1, £2, £s) the vector of the normal to the characteristic surface, then,
the equation of the characteristic of the normals, corresponding to the propagation of acous-
tical waves, has the form

we have

det (Q — A) = 0,

where @ = 7 + uaga; A 1s the acoustical matrix:

LB} + Mge™td + Me®st} Pz, PRt
A=| Pkt Me™E+ LE -+ Me™E Pt
Pl P, Me™El 4+ Me™t) + L

The modules of Li’ Mi’ Pi are expressed in terms of derivatives of the equation of state and
the parameter of the plasticity L.

It is obvious that, if we write the acoustical matrix in the case where the principal
axes of the stresses do not coincide with the coordinate axes, then, its structure becomes
complicated, as well as the formulas for calculation of the modules, into which the elements
of the matrix of the rotation U will now enter,

We note that, if the vector of the normal to the characteristic surface (1, £i1, £z, £s)
is known, then, the characteristic surface (the surface of the propagation of the waves of
small perturbations) &(t,, Xi, X2, Xs) = const is determined by the equation

Taq)/at + ’é,afl)/(?zg =0,

The acoustical matrix A for different types of media is assumed to be positively de-~
fined. This occurs, e.g., for all anisotropic elastic media, and means that small perturba-
tions are propagated with nonzero velocities.

For the equations under discussion here, it is found that, at some surfaces L(£:, £z,
Es) = const, the matrix A may degenerate, i.e., there is an eigenvalue Q* = 0, This means
that, at some surface ¥(x,, X2, X3) = const, the velocity of one quasitransverse wave (a
shear wave) is equal to zero,

As an illustration of this, let us comsider a two-dimensional unsteady-state system of
equations, obtained from (1) by some linearization., We postulate that all the sought func~
tions depend on two spatial variables, x = x; and y = x,. We shall consider the processes
without taking account of temperature effects, excluding the equation for the entropy and
the dependence of the equation of state on the entropy (E = E(h,, hz, ha)). We assume that
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the principal values of hi of the effective elastic deformations are small, and thus,
g5 = (12)(0y; + 0z), i j.

We assume also that thevelocities and their gradients are small, so that expressions of the
form of umi)uklaxm can be discarded. We represent the matrix U in the form

- cos ¢ sinq))
- —sing cosq/’
here

0,; = cos® Qdu/dx — sin @ cos ¢ (Gv/dx + du/dy) + sin® ¢dv/dy,
@y = sin? @du/dz + sin ¢ cos @(dv/dz + du/dy) + cos® @dv/dy,
035 = sin @ cos @(du/dz — dv/dy) -+ cos® @du/dy — sin® @dv/dz,
gy = sin @ cos @(du/dx — dv/dy) — sinedu/dy + cos'2 Qov/dz.

The connection between the stresses oi; and the effective elastic deformations hi’i is given
1 = b2 =

in the form of Hooke's law: . = X(his + hza + has)é;. + thi.. In this case,

o :
i
1s = L/3., After the simplifica\’:ions made, the system Jd) assumes the form

PoOU/Gt = 001,/0x + 0015/0Yy, PeOVIOt = §04,/0x + d0,/0y,

%zz—lz——(i’—L)[(i—-;—sinz 2cp)g—:—|—%sin2 2(9%—%sin2cpcos:2cp
X (Z—Z + %)] +5L (g—: + Z—Z)+ 1 sin? 2¢ (g—‘; — %) +5 sin2cpc0s2qa(% + g—‘;)
aTh:E =({1-—=U71) [% sin®2¢ gi; + (1 — % sin? 2cp\)3~; + % sin2@cos2gp (g-l-; + %‘)]
+ g LR+ 2) — Lsin 2 (g'—;——g—;)—é—sin 2cpcos2cp(§i;+giy‘), @
(22712= (1—L)[—;—sin22cp(-§-;+%) ——%sin&pcos%p(%——gg\)]
- %sin 2¢ cos 2 (i—z —'g—;) + —;— cos? 2¢ (g—z + z_::)’

where cij = ;\(hll + hzz + has)sij + 2}1hij.

It can be shown that if, in the equations for h,, we set L = 0, then, we obtain the

ij
equations of the jinear theory of elasticity

Ohyy/0t = Quldx, Ohysldt = Gv/dy, Oheyldt = 0, hy/0t = (0u/dy + av/ox)/2.

The regions of elasticity are separated by the inequalities

1

h=33 ((Brr — hgo)® + (Ryy — hgg)® + (Bgy — hyy)? + 6Ryghin /2 < by
o 2 S O T % T 035 | o 0 ([ =
= Zl (oi,- - —T—“) + 205,00 | <0 (L = 0).

The parameter L(0 = L =< 1) characterizes the hardening of the medium with plastic deforma-
tions. In this case, system (2) is written in the form

Po0U/0t = 80y,/0x - 3015/8Yy, POVIBt = 30y/0x + 004,/0y,

h. 1 fou av) 1 . (au 0v) 1 {ou . av
1L o= i Pl 2 o 22 — g el
at F(ax‘—l_ oy + 2 sin 2(‘) dz  dy + 2 sin 2¢ cos 2(‘) (6_1/ + 6::)’ (3)
ok 1 fou , v 1 . ou v 1 o . dv
22 _ 1= it I 29l 2 520y g pubdt
ot 3 (B:c + ay) 2 sin 2(p (6.1: ay) 2 sin 2(]) cos 2(‘) (6y + c'iz)’
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dhy, i(gu_!_?i,‘) ok,

1 . a
2= 2(a T&Lz..2_51n2qacos2q>( )—}—300322@( —}—aZ)

where G'ij = )\(hlg + hzz + hss)sij + 2uh . ®

If we consider the steady-state system arising from (3), i.e., if we delete the deriva-
tives with respect to t, we obtain the system

004,/0x + 00.,/0y = 0, 00,/0z -+ 80,,/0y = 0, duldz + dv/dy = 0,
sin 2¢(du/dz — dvidy) + cos 2q(du/dy + dvidx) = 0,
if it is supplemented by the relationship‘s_ '
011 = 0y €0s® @ + 0, sin® @, 0, = 0y sin’ ¢ + 0, cos® @,
" 013 = (0, — 0,) sin @ cos @, (03— 0p0)® 405y = 42,

where k is the yield point, we obtain the classical equations of the theory of plasticity
[5]. We note that a partial case of system (3) was proposed in [3].

We write the equation of the normals to the characteristics for system (3).

For this
purpose, we rewrite the equations for the velocities in the form

du_ A2 6hu A ah A Ohgy, oy Ok,

7 T Tp, T T pe P, 0"
w20 A0k | bt 20k | B O
ot p, 9z ' p, dy g W Py W’

while the equations for hij are left without change,

For calculation of the characteristics, it is convenient to ‘use a method, used, for ex-
ample in [1], which consists in the following: we differentiate the equations for u and v

once again with respect to t, and substitute into them the equations for h1j’ differentiated,

as necessary, with respect to x or y. If we denote by (t, &1, £2) the vector of the normal

to the characteristic surface, then, the equation of the characteristics of the normals has
the form

det (17 — A) =0
where ’ (4)

Ay An)
A=
(A‘2l A22
Ap=— (K +psin?2¢) g2 + £ sm bt t, + — cos2 2083;
Ay = p— E cos? 298] — £ Sm 4(P§1§2 (K + psin? 2¢) &;

A=Ay = sm 4(p§§ + —(K + pcos4e)E L, — 5 sin 4qk;

(K = A+ 2u/3).

It can be shown that the matrix A is negatively defined,
with €5 + £2 # 0

In actual fact,

Ap=— [K§ + p(sin 2¢E, + cos 2¢E,)%] >0,
Agy = = [a (cos 208 — sin 2¢%,)* + KE] >0,
0

det A = % [cos? 2Lt — 2sin 4¢E3E, - 2 (sin? 2¢ — cos 4¢) E2E3

0

+ 2sin 4&,ES + cos? 25| = % [2sin 2¢E,E, — cos 2¢ (£} —E2)]* >0

o
Consequently, Eq. (4) has real nonnegative roots t°,

The determinant of the matrix A reverts to zero with 2 sin 2¢f,Es — cos 20(gi — £2) =
0, i.e., with £z = (1 % sin 2¢)&,.
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If we denote @ = —(8 + w/4), then, the equations of the surfaces, at which det A = 0,
have the form

cos 0E;+ sin 88, = 0, sin 0§;— cos 6, = 0. (5)
These equations coincide with the equations of the slip lines of the theory of plasticity [5]
dy = —ctg 8dz, dy = tg 6dz.
Thus, Eq. (4)
T (At Agp)t®-det A =0

with the conditions (5) has the roots

. K+ 3
T2 =0, T2=A11+A22=_(%_u(§1+§§)~

Consequently, at the lines of slip, the velocity of the quasitransverse waves reverts to zero,
while the velocity of the quasilongitudinal waves is equal to (K + u)/po.

We note that, with L < 1, the acoustical matrix corresponding to the system (2) does
not have lines of degeneracy. The characteristic equation for this case, at the principal
axes, is written out in [1].

We now write the acoustical matrix, describing the propagation of small perturbations
in a plastic medium for the case of a plane stressed state [5]. The equations for this case
are obtained from system (3), in which one of the equations for h,;,, hzz, hss is replaced by
the algebraic equation

033 = Mhyy+ oyt hyg) - 2phsy = 0.

Omitting the calculations, we immediately write the result. The equation of the charac-
teristics of the normals has the form

det (137 — A) = 0,
where

2K
PoApn = p (h T

S+ sin? 2(p) &l -+ psin 4qE,E, + pcos? 2pE2
K , . .
= Wy B 1 (sin 298, -+ cos 2¢8,)* >0,

[N

. .4 2K L,
Polgy = pcos? 29t} — wsin 4gEE, + 1 i _2{_ 5~ sin® 2(p) &

e . . 5 2K
= p(cos 2§, ~+ sin 2¢8,)* }Ll—_y_—z';; 8%>0,

. 5, 2K , n .
pOAlz B ‘)0/\21 = % sin 4(p§1 el (m —-— CO0S ‘:,E(P) EIE‘_’ -_— "é' sSin -/J;(ng,
K

= ot [2sin 20,5, — cos 2¢ (E2 — E2)]* > 0.

det A

The lines of degeneration of the matrix A are found to be the same
B = (1 £ sin 2¢)E;.

This is in agreement with the fact that the lines of the slip for plane deformation and for
a plane stressed state are exactly the same.
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